
778 AIAA JOURNAL VOL. 3, NO. 4

ID^U

1580

T('R)

d
1540

1500

r=

? oHH
a0-I.IO

SOL

r — """"

UTION FROM REF.

x* jHr-^i^^-
r ___

^^L

o METHOD I
o ME"

i'
D 0.2 0.4 0.6
= b r-b (INCHES)

FHOC> E

0.8 1.
r =

Fig. 1 Temperature profiles at melt time (t = tm).

will always be linear in the highest order derivative term
(when more than three terms are used in the expansion).

The series expansion of the temperature is terminated after
2K or 2K + 1 terms, thus leading to a differential equation
of Kih order. Thus, in addition to the initial conditions
#s(0) = 0, and R,(Q) = 0, it is required to obtain K - 2 addi-
tional conditions. These K — 2 values, Ss(0), Rs(ty . . .,
are obtained by matching the initial temperature distribu-
tion d0(Z, 0) at K - 2 points.

Method 2
An investigation of the heat balance integral technique for

slabs is discussed by Goodman.2 Basically, the technique is
much the same as the momentum integral of fluid dynamics.
The heat-conduction equation is satisfied on the average and a
temperature profile is assumed. In the problem considered
here, a second-degree polynomial temperature profile is as-
sumed, and the three arbitrary constants are evaluated from
the boundary conditions.

The substitution of the assumed temperature profile

T —•L m
Q + pL(drs/dt)

2k
r.*b (7)

into the integrated heat-conduction equation (1) yields the
following second order, nonlinear, ordinary differential
equation f or r8(t):

dt*
_ .
pL dt X

7b)(drs/dt)
(rs - 6)2(3rs + 56) *=*}: (8)

It should be noted that Eq. (8) is applicable for temperature-
independent material properties only. For materials with

temperature-dependent properties, a similar procedure leads
to an integrodifferential equation.

Discussion
Numerical calculations using both methods 1 and 2 have

been performed for a 1-in. thick 7f-in. o.d. aluminum sphere
subjected to a constant radial heat flux.} Average constant
thermal and physical properties were assumed.5 The analysis
was performed for a value of a0 = 1.10 (where aQ is the non-
dimensional surface heat-transfer coefficient ha/k) and a
stagnation temperature of 1850°R.

The premelt solution for the temperature was obtained
through the use of existing solutions.4 In order to approxi-
mate the temperature profile at the melt time with sufficient
accuracy, a six-term Taylor series expansion was used in
method 1 (from which the required initial conditions on Rs
were obtained). A comparison of the calculated temperature
profile at melt time indicates that the assumed quadratic
profile used in method 2 is in good agreement with both the
exact premelt solution and the solution obtained from method
l(Fig.l).

The melt depth predicted by both methods is in excellent
agreement (Fig. 2). Furthermore, as shown in Fig. 2, the rate
of ablation rapidly approaches a constant value.

In conclusion, it is clearly seen that the numerically simpler
technique (method 2) can be applied to the ablating sphere
and yields results that are quite close to those obtained using
the more complex technique (method 1). Both of these
methods predict ablation profiles that are almost identical.
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Bow Shock Shape About a Spherical
Nose
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Nomenclature
es = eccentricity factor, Eq. (1)
M = Mach number
RN = body nose radius
Rs = nose radius of bow shock wave
rs = lateral coordinate of the bow shock wave
X = body axial distance measured from the body nose
X' = axial distance measured from shock apex
A = stagnation-point shock standoff distance
Poo/p2 = density ratio across a normal shock

Fig. 2 Ablation depth vs time for CXQ = 1.10.
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Fig. 1 Correlation of shock-to-body radius ratio and
shock standoff distance with density ratio.
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Introduction

METHODS for predicting the bow shock-wave -shape for
blunt bodies such as sphere cones have been developed

previously.1 For purposes of predicting the over-all shock-
layer thickness or the location of control surface-bow shock
interaction, these available methods are adequate. How-
ever, for the purpose of determining bow shock-wave-gener-
ated vorticity necessary in the analysis of entropy gradient
effects on skin friction and heat transfer, these methods, which
have their basis in blast-wave theory, are inadequate. This
is especially so in the vicinity of the nose, the very place
where the greatest degree of shock-layer vorticity is intro-
duced into the flow field.

Therefore, the purpose of this note is to present a simpli-
fied method to predict the bow shock-wave shape about a
spherical nose for an inviscid gas, which is in chemical equilib-
rium at Mach numbers greater than 5.0. This method is
based on a correlation of data obtained from exact numerical
General Electric flow-field calculations and is intended to be
applied in the region from the shock apex to a station approxi-
mately one nose radius downstream.

Discussion and Results

In order to obtain a relatively simple but accurate method
for predicting the bow shock shape, an attempt was made to
correlate available General Electric flow-field results. The
relation selected initially to obtain this correlation was the

.30

equation for conic sections utilized by Van Dyke and Gordon
inRef. 2; that is,

= 2RsXf - esXrZ
(1)

To facilitate the use of Eq. (1), the origin of the coordinates
is translated to the nose of the body by substituting X' =
X + A. Then normalizing by the body nose radius RN yields

\RN/ \RN/\RN RN/ * \RN RN/

The shock standoff distance A was obtained from a cor-
relation of values available from General Electric flow-field
solutions.3 This correlation (Fig. 1) is obtained by use of
the density ratio across a normal shock pm/p2 as suggested in
Refs. 2-5.

Because of its applicability to the correlation of A, the
density ratio is also used in this study to correlate the ratio
of the radius of curvature of the shock and the body (RS/RN)
measured at the axis. Summary plots of these radius ratio
parameters obtained from the flow-field data are also pre-
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Fig. 2 Density ratio across normal shock. Fig. 4 Comparison of bow shock shapes.
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Fig. 5 Comparison of theoretical and experimental shock
shape, nose region.

sented in Fig. 1. In order to facilitate the use of these cor-
relations for specific flight conditions, the density ratio param-
eters calculated for various Mach number and altitude com-
binations are presented in Fig. 2. This plot is for an in-
viscid gas at chemical equilibrium.6'7

By use of flow-field data, Eq. (2) has been solved for the
eccentricity factor es. These results (shown in Fig. 3) indi-
cate a dependence upon the density ratio as expected; how-
ever, a dependence upon the axial distance is also indicated.
It is further noted that, for any given axial station, es is
nonlinear with density ratio and peaks at approximately
Poo/p2 = 0.095.

Equation (2) may now be solved for almost any combina-
tion of Mach number and altitude of interest (0.05 < pm/
p2 < 0.25) to obtain rs as a function of X. Figures 1-3 pro-
vide all of the necessary data.

The results of the application of this method are presented
in Fig. 4 for several freestream conditions and are compared
with General Electric Missile and Space Division flow-field
data. Figure 5 presents theoretical and experimental shock-
shape data. These comparisons indicate excellent agreement
between the correlation method [Eq. (2) with Figs. 1-3] and
the exact flow-field data.

Approximate Method

A more approximate solution for the bow shock wave has
also been obtained by approximating the eccentricity data
in Fig. 3 with a single analytical expression, determining
relations for the curves in Fig. 1 and incorporating these
expressions into Eq. (2). This approximate solution may
be expressed by the single equation

rs ( /poA0'1958 f X
RN ( \P2 / \_RN

0.646 [^
[_/t N

0.880
-053!

-
J

1.053-11.467 0.5

(3)

The results of the application of this approximate relation
[Eq. (3) ] are also presented in Fig. 4 where relatively good
agreement is indicated.
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Natural Frequencies of Orthotropic
Circular Plates
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THIS note is concerned with the determination of natural
frequencies of orthotropic circular plates. A circular plate

fabricated with radial and/or circumferential reinforcements
may be idealized as an orthotropic plate of uniform thickness
with different material properties in the radial and circum-
ferential directions. The stress-strain relations for such
plates can be written in a manner analogous to that given in
Ref. 1 :

<Jr =

GT0 = (D

where EI, En, E%, and G are material constants. With the
usual assumptions of small-deflection theory of plates, the
following relations between moments and the lateral deflec-
tion W(r,ff) of the plate are obtained:

r>o .
Me = - D - + - (2)

In the foregoing, Dr = EJP/V2, a = E^/Ei, /3 = E2/E^ and
7 = G/Ei. Also, h is the thickness of the plate. The govern-
ing equilibrium equation for the plate in terms of these
moments is

0)dr

where <?(r,0) is the load intensity. For a free vibration
problem, q = — p(dW/d£2), where W = TT(r,0,£) and pis mass
per unit area of the plate. Substitution of Eq. (2) into Eq. (3)
yields the governing equation for the free vibration of the
plate as

_. 4-
r2 dr /

IbW
—— _
502 \r dr2 r2 dr

1 \ &W+ -«W) = -pr^-r3 / ot (4)
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